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STERMINATEFORMS | pe

Lt -(sinx/cosx)

= Lt (—Jz-cosz x)

Y40 2tan xsee? x =50
="'{;(‘.‘ Lt cos? x=1 )
x-30
Since Lt logy=log Lt py = log Lt y=-4.
=i
Lt y=e *. ~. the required limit = e'%.
x—0
X=sinx;, -l
Lt ——— =—
fx. T Showithat - L == =5~ [ C.P. 1932, 1995 ]

Writing down the expansion of sin x in a finite power series, we have

3 5
x-—sinx:x—{x—L+5Tsin(57n+0x)}, 0<0<l

x—sinx 1 x*> . (5= ;
———3—— =-3—|—?'-sm 74‘9.\' 3
X : ! .

PR ol LSRN TN sin(5“+ex) S R
x>0 33 x—0| 3! 5! 2 3! 6°

sin (5—"+ex)
2

Note. This being of the form 0/0 can also be obtained by the method
of Art. 11.2.

since -’;—'sin(%+9x)—>0 as x >0, being < 1.

2 - 2 2
Ja? +ax+x2 —Va® —ax+x>
Ex.8. Evaluate - Lt
Ja+x—-Ja-x

x—0

Multiplying both the numerator and denominator by

(\/az +ax+x* +1/;2 —ax+x" )(J(l+.\' +Ja-x )

24
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and simplying, the required limit )
2ax(1/a+.\'+ a—Xx

= Lt 2 2 v 2 )
""’02\‘( Ja? +ax+x> +Va ax+X

=xll>’o(‘/a’2+m.,,_‘x3 +1,/;2—ax-§-x2 )

the numerator =a.2\/:i/(_:lnd that of the

Now, the limit of ; b
denominator = 2a. Therefore the required limit =

Note. An algebraical or trigonometrical transformation often €nab)eg
us to obtain the limiting values without using calculus, as shown abo\,e’

- which case belongs to the form 0/0.
Ex.9. If Lt sin 2x-i;asin X be finite, find the value of ‘a’ang the
x—0
limie,. - " [ C.P. 1931, 1994, 2000, 2004

The given limit, being of the form 0/0,

- Lt 2cosZ.r4:acosx (by §11.9)

x-+0 3x-
When x— 0, the denominator 3x* = 0 ; hence, in ordor that the

limiting value of the expression may be finite, the nu merator
(2cos2x+acosx) shouldbezero,as x—»0. - 24 ¢ = 0, i, a=-9
When a =~ 2, the given limit becomes :
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|

tanx \y

= Lt il

Let i x—»O( X ) ! '
1 tan.\"

|og:l=—\:|0g( 3 ):log(mnx)/\..

X
tan x

ince Lt

oImee o *

1 Lt logu is of the form L
xX—0

Lt logu-— Lt log(tanx)/\-
x—0

X xse =
Lt . C X—tanx
x—0

tanx x2 ]/l (by §11.2)

it 2x—sin 2x T 2—-2cos2x
x=0 ' xsin 2x x—0 sin 2x +2xcos 2x

= iy 4sin2x

=0
x50 2c0s2x— 4xsin2x.
Since Lt logu=1log Lt u,

t—»O

log Lt u=0.
x=0 x—=0
Lt u=¢e® =1, i.e., the required limit =1
x=0
Otherwise :

Writing the finite form of the expansion of tan x by
Maclaurin’s theorem,

tanx=.\-+3x3

a where a-sech(l+2tan2 Gx), 0<0O<l
' 1 tan x 1 x'*‘fl;xza
logu =—log =—log

X 3

X

~ ;lbg(l+%x2a)

wl-

log(l+ X a)3 —log(l+v)-§-x
o Y ‘

where v=L1x’a
When x—0,v—>0,also Lt -l—log(l+v)—l

Hence LI log u= Lt llog“"‘") L’(

i

o ‘3-.\’0 ),
_ Lt log u= 0 Hence, etc.
x—»o



—

Ex.11. Evaluate Pore' %

x ( =
¥ —1 (tan x)
— Lt { % L= X }

Given limit >0
. ( tan x
g’ +1 Lt -—-——)

L) S s

= a0 X (x>0 v X
X
e’ -1 - 9— =2 Lf £ =e9 =
Now, 'x[_,)to——}——(bemgofthefonn O) Lt =S, =l
Also, Lt ana i, ythe required limit = 1x12 =1,
x—=>0 X

called Compound Indetermingte

Note. Such forms are sometimes
forms, the use of the theorems op

forms. In evaluating limits of such
limit (Art. 3.8) is of great help.

11.9. Miscellaneous Worked Out Examples.

X |
Ex. 1. Evaluate : P_"“l {x-l -log.r} [ C. P. 1981]
t - 1
Solution : lim { - }
v—+1 |x=1 logx
. xlogx—x+1
= lin 0
vl { (x-logx } [ Form & ]

1
logx+x-——1

= lim *
= [P (x—l)—l— [ By L'Hospitals Rule ]
x
= xlogx 0
-1 | xlogx+x-—1 j s 3]
. Iim(1+log |
~12:logx lLim(2+logx) 2+0 2

T—sl
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2
aluate : lim{———2_
Ex 2 Ev x=0 | x .\'(e"+l) [ C.-P. 1982]
solution Iim{———

= fim {2~ [ Form 0 ]
0 [ +) 0
o= lim —%

0 1+ (x+1) e

%07 | “lim e i iy
. e :
ll_l"l}){l-i-(x-i-l)e } I+l 2
. lim sinx—x
Ex. 3. Evaluate : L S [ C. P. 1995 ]
; I sinxy —x 0
Solution : x'_'}}, ) [ Form — ]
. cosx-—1|
= lim <
x=0 3y-
. —sinx 0
_!?L]‘(l) o [Form 6 ]
= fig —SO5% __ 1
- x—0 6 6 ’

Ex. 4. Find the value of

1
® lim (cosx)> . [ C. P. 1989, 98]
B : ;Ho

[C: P. 1995 ]




Gi) lim (1+ x)xl .

@) lim (xz’i“’).

() lim (1+sinx)™".

x—0

!
Solution : (i) Let y=(cosx)s’

| % logcosx
logy =—-logcosx=—"—3—
x

logcosx
lim logy = lim{ e }

x=0 x—0 X
. =—tfanx
= |lim
x~40 x
lim —sec’ x ¥ i
x40 2 2

or, log {lim y} = --2!-

x=40

s lim o yme ?
A=40

!
(l.l') Let y= \(T:;)

l logx -
or, lOg.v = .]ogx I —
L l-x
-~ = bx
& lim {logy}=lim ——

e |

)

1 :

[ Base of logarithm jg e)
0
F —
[ orm. s ]

0 i
Form — |
( =]

[ Form %]
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-1

hm Y€
\'—D

(_L) |

1- -1
lim X =e
\'—)l "
|

(lli) lim (1 3 A)

X—rx

1
Let 2= ‘then z—0 as x —e<

Let y,=(l+x)§~ '

then logy=z-log (I%) :

lbg(l + l)
. ' z
= lim ————=

z—-0 1

N

logy} = o G
Thus lim {log3} h—?“’{z Io-g(l-;%)} ’

I
§.

'. : ==0 : (_L)
130 donz

."..‘log {llm y} O

X% |

ie, limy= &% =1
» X =poc -
X . .| .
s Thus lim (l+x)x —l

X=X

vvvvv

'~‘[;Fo'1"m E ]

;n[as;z=0, z#0 ]
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(iv) Let, y___xZSinx
or, logy=2sinx-logx [ Base of logarithm is e ]

. . 2logx 0
or. lim {logy}=lim [ Form —
’ x>0 { ) } x—0 cosecx 0 ]
2
= lim X
x=0 —coSsecx cotx
. 2sin’x 0
= lim [ Form —
x—0 —XCOSX - | 0
g 2sinxXcosx
=-2 lim =
0 COSX—XSINX
limsin2x 0
_-2 - ."""0 - =_2 x—=00
lim (cosx—xsinx) 1

x—0

or, log{lim y} =0

x—0

ie., lim y=¢e’=1
x—0

. . nl
i.e., lim P |
x—0

(v) Let )v=(l+sinx)“;"
or, logy=cotxlog(l+sinx) [ Base of logarithm is e ]

_log(1+sinx)
tanx

. n . log(l+sinx)
s lim logy = lim 0
ol o tanx [ Form 6]
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og{tim 7)1

1
=e =e
or, =

lim (1+sinx)" = ¢
x-—’

Ex. b Evaluate :
1

tanx \x \
O Ml [ B. P. 1995, C. P. 1994, '97 |
1
~ (sinx )<
(Y g R, [ C. P. 1990, '98 ]

1
Solution : (i) Let, y= (tan.\’)x

X

lim {logy} = lim {%, E(ta:x)}

0

= lim [ Form = x—0, since as x—0
x=0 X 0
tanx -
-1, iLe., log(mnr)—>0]
¥ X \ L2
sec” x _l_
= lim 20X 3
x—0 1
- 1 1
=lim| — e
x—0| sinx cosx X
: 2x—sin2x 0
2X—SIn:zZXx [ Form 6 ]
xsin2x .
h 1—cos2x T 0
.1 - [ Form -6]
30 sin2x+2xcos2x
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2sin2x "

=2lim - -
2.\!—»0 2c052.\-+2c052x—4xsm2x [ Form 5]
lim sin2x 0
- x=0 - —4%X—=0
lim (4 cos2x —4xsin 2x) 4
x—0 . R
or, log{lim y}=0
. ..\'-)0
Ar e
or, lim y=e. =1
x=0. ' o
§ - 1
" tanx \x - . ,
oo lim ( )‘ =1 . .
S0 Lo x . =3 5
3 2y
: sinx |x*
' (li) Iﬁt, y::( ! )‘. ; .
lo sinx.,; |
' 1 sinx 8T, '
or, lOgy:-—_,-.log — =
' X~ b x-
. sinx . sinx) |
hm( )=l, lim log( )-_-.o
x—0 385 ¢ j 4 cx=—0 17 X . P
sinx
e g1 ] log— . (F 0 :
- lim (logy)= lim — X orm —
. X xcosx—sinx
- X 2 P q
= lim sinx =
x=—0 Zx
_lim.xcosx—sinx il B 0
x>0  2x7sinx | Form 0 ]
. COSX—XSInXx—CosXx
.=lim - = _
© x>0 4xsinx+2x~ cosx
=N —sinx ) 0
1154 [ Form 3




— lim : —COosx a 1
x—0 2cosx—2xsinx+4co§ -‘,_E

og{im ¥} =5

. — 6
r Iim y= e
, x—’o
ks |
) sinx \x* _ -¢
. llm e e -
g x—-io X

6. Evaluate :

Ex.
. log(1-x) : .
0 M oot (r) ' : : . [C.P.1993]
) l‘.‘,‘}, (°°s'"")/ DT il 3add dowe & o baliCiP. 20023
. log(1-x) T e e
Solution . (7). im cot(my) Lo [ Form — ]
= lim : (l—X) . ,
¥ - —qcosec: (1) ul at9H (4 : nnoilulo
sin® (nx) . 0
= =) - [Form 711

{2sin (nx) cos(nx) }n

-t B < o,
- (iD) 1?3) (COSI?I.\') :. { o 0l ol
Let y= (cosm\)
o™ ; R e mil = roizziqze novie asdl o
then logy-— lo (cosmx)

e, Sttt
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log(cosmx) [F 0
N W=+l e ) orm 2,
lim {log} = 1355 ~oy? 5]
9
0

mn . tanmx [ Form

log {!;_1’1} y} = ——;-mzn . 3

|
—-—mn

or, limy=e 2

x=0 .
n —-l—m:n g
lim (cosmx)s =e * . ;,
= _ x(1+acosx)—bsinx
Ex. 7. () Find a, b such that Im;l) ( - : C=l (i3] 111
x= . g P. 1990] :
|
(@) If lim S0 2% +3asmx is finite, find a and the value of the limit;
x—0 X
[ C. P. 1994, 2000
2 1+ x)=bsin:
Solution : (i) Here, !x_% X acoi:) L [ Form %]

1(1+acosx)—axsinx—bcosx

= lim -
x=0 % g
lis l+(a—b)cosx—axsinx
= 1m - (l)
x—=0 3x- s
' 0
For (1) to be of the form 0’ 1+(a-b6)=0
iey b=14a 2
. ) . ¥ 0
So, the given expression = 11_13) 1 cos::-ﬂaxsmx [ Form ‘6]
33X
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~
= lim SINX —asinx - ax cosx 0
¥-20 6x [ Form 0 ]
.= lim COSX—acosx—acosx+ax sinx
x=-0 6
= i (1-2a) cosx+axsinx 1-2a .
x—0 6 CRT T 1, given
1=2a=6, - i.e,; a_...é_
2
5 3
From ( 5 =
5 3
us, a=—-——, b=-—.
T 2 2
{ . sin2x+asinx _Q X
(1)) ll_% 3 [ Form 0 ]
. 2cos2x+acosx
= lim =
x—0 3Ix~
For this limit to be finite, the form should be %
ie, 2+a=0, or, a=-2
in2x i 2c0s2) —2cosX ' 0
lim sin2x +asinx = lim cos :' : b Py =]
x=0 x3 x—0 3x~ 0
—4sin2x+2sinx 0
= lim — [ Form —)
x—0 6X : 0
. —8cos2x+2cosx
= lim
x—0 6
_ —8+2 o iy
6

" and the value of the limit is —1.




